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7— I . 

o ■ 

£N| ' Abstract. We study the analyticity of the semigroups generated by a class of 

^ i degenerate second order differential operators in the space C(Sd), where Sd is the 

■ canonical simplex of R d . The semigroups arise from the theory of Fleming- Viot 

Pj^ ' processes in population genetics. 

: 

l— 7 l 1. Introduction. 

< 

[j^ . In this paper we are dealing with the class of degenerate second order elliptic dif- 

f-n | ferential operators 

a . i d 

g ■ A d u(x) = - J Xi{5ij - Xj)dl. x .u(x), x £ S d , (1.1) 

7— I ■ and m^4rf, where S d = {x £ [0, l] d | Yli=i x i — 1} * s the canonical simplex of M d 

and m is a strictly positive function in the space C(Sd) of all continuous functions on 
Sd- The operator (II. lh arises in the theory of Fleming-Viot processes as a generator 
of a Markov Co-semigroup defined on C(Sd)- Fleming-Viot processes are measure- 
valued processes that can be viewed as diffusion approximations of empirical processes 

CN ' associated with some classes of discrete time Markov chains in population genetics. 

We refer to [141 E2 EH] f° r more details on the topic. In particular, the operator 
(jl.ip is the generator corresponding to the diffusion model in population genetics in 
which neither mutation, migration, nor selection affects. This is the simplest case 
of a Wright-Fisher model. Actually, the generators corresponding to more general 

^ ' diffusion models in population genetics are of the following type 

H ' 

' 1 ^ ^ 

Au(x) = 2^2 ~ x j) d l l x ] u i x ) + b i( x )dxM x ), x e S d , (1-2) 

i,j=l i=l 

where the coefficients 6j belong to the space C(Sd) and depend on factors as mutation, 
selection and migration. So, the operators (]1 .2[) are of degenerate elliptic type with 
the elliptic part as in (jl.ip . 

The operators (11.21) arising from Fleming-Viot processes have been largely studied 
using an analytic approach by several authors in different settings, see [U El |3l [6J 
El El CEU [221 123 E3 E3 [28] and the references quoted therein. The interest is that 
the equations describing the diffusion processes are of degenerate type and hence, the 
classical techniques for the study of (parabolic) elliptic operators on smooth domains 
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cannot be applied. In particular, the difficulty in studying these operators is twofold: 
the operators (11 .2 j> degenerate on the boundary dSd of Sd in a very natural way and 
the domain Sd is not smooth as its boundary presents sides and corners. 

As it is shown in the Feller theory for the one-dimensional case, the behaviour of 
the diffusion process on the boundary constitutes one of its main characteristics. So, 
the appropriate setting for studying the equations describing the diffusion process is 
the space of continuous functions on the simplex Sd- 

In the one-dimensional case, the study of such type of degenerate (parabolic) elliptic 
problems on C([0, 1]) started in the fifties with the papers by Feller |161 117] , The 
subsequent work of Clement and Timmermans |10| clarified which conditions on the 
coefficients of the operator mA, with A defined according to (|1.2I) and < m £ 
C([0, 1]), guarantee the generation of a Co-semigroup in C([0, 1]). The problem of 
the regularity of the generated semigroup in C([0, 1]) has been considered by several 
authors, [U EH [5j [22]. In particular, Metafune [22j established the analyticity of the 
semigroup under suitable conditions on the coefficients of the operator mA. Thus, he 
obtained the analyticity of the semigroup generated by x(l — x)D 2 on C([0, 1]), which 
was a problem left open for a long time. We refer to [7J for a survey on this topic. 

In the d-dimensional case, the problem of generation of a Co-semigroup in C(Sd) 
has been studied by different authors. In more generality, the problem was solved 
by Ethier [13J. Actually. Ethier |13| (see also |14i p. 375]) proved the existence of a 
Co-semigroup of positive contractions on C(Sd) under mild conditions on the drift 
terms hi. In the following, we state such a result in the case of our interest. 

Theorem 1.1. (Ethier, [13],) The closure (Ad,D(Ad)) of (Ad,C 2 (S d )) generates 
a positive and contractive Co-semigroup (T(t))t>a on C(Sd)- Moreover, the space 
C m (Sd) is a core for the infinitesimal generator of (T(t))t>o f or every m > 2. 

On the other hand, Shimakura |26| ((27j Ch.VIII, p. 221]) gave concrete representa- 
tion formulas for the semigroups of diffusion processes associated to a class of Wright- 
Fisher models including the simplest case. In particular, Shimakura \27\ Ch.VIII, 
p. 221] showed that the eigenvalues of Ad are given by 

A m = -^^, men, (1.3) 

and that the corresponding process is replicated on every face of Sd in the following 
way. Denote by Ad F the restriction of Ad to a face F of Sd and by F(V) the face of 
Sd having V as a set of vertices. If V contains p+1 vertices of Sd with p < d, then 
F(V) can be identified with the simplex S p and the differential operator Ad F with 
the differential operator A p on S p , i.e., 

Ad,F{v)U = Ap(u\ F (v)), u G D(A d ). (1.4) 

Moreover, in |27[ Ch.VIII, p. 221] it was proved that the restriction of the semigroup 
(T(t))t>o to every face F(V) with p+1 vertices and p < d satisfies 

(T(t)f)\ F{v) =T F{v) (t)(f\ F{v) ), feC(Sd), (1.5) 

where (Tp(y^(t))t>o denotes the semigroup on C(F(V)) generated by Ad,F(V)- As the 
process is preserved under restriction to faces, Campiti and Rasa [8] pointed out that 
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the domain D(A d ) can be described recursively as follows 

D(A d ) = {«£ C{S d ) | u G n q >iW%!{S d ), A d u G C(S d ) and for (1.6) 
every proper face F C S d : u\f G D(A d) F) an d •^■(1,f{u\f) = 

If V d = {vq, . . . , v d } denotes the set of vertices od S d , then (|1.6|) implies that A d u(vi) = 
for every u G -D(^-d) and £ = 0, . . . , d. 

There are few results about the regularity of the generated semigroup in C(S d ), 
[HE]. In the papers [HE] it was established the differentiability and the compactness 
of the generated semigroups related to some classes of operators of type mA in C(S d ), 
including the generators of diffusion processes associated to a class of Wright-Fisher 
models, but not the generator (jl.ip corresponding to the simplest case. The main 
aim of this paper is to prove the analyticity of the semigroup generated by the closure 
of (A d , C 2 (S d )) on C(S d ) and hence, extending the result of Metafune to several 
variables. The proof of the result is given by induction on the integer d. Actually, 
we provide a method which allows us to reduce the proof to the one-dimensional case 
and which gives information on this particular class of operators. 

The paper is organized as follows. In §2 we consider the problem of the analyticity 
of the semigroup generated by the closure of (A2, C^S^)) ° n C(S2), deepening and 
solving the 2-dimensional case. The end of this is to clarify in details the necessary 
techniques to give the inductive step. In §3 we prove the analyticity of the semigroup 
generated by the closure of (A d , C 2 (S d )) on C(S d ) by induction. Finally, by using the 
method of approximate resolvents, we show the analyticity of the semigroup generated 
by the closure of (mA d , C 2 (S d )) on C(S d ). 

Acknowledgement The authors wish to thank Proff. A. Lunardi and G. Metafune 
for helpful discussions on the topic. 



1.1. Notation. The function spaces considered in this paper consist of complex- 
valued functions. 

Let K C M. d be a compact set. Denote by C m (K) the space of all m-times contin- 
uously differentiable functions u on K such that \\m x ^ xo D a u(x) exists and is finite 
for all |q| < m and xq G dK. In particular, C{K) denotes the space of all continuous 
functions u on K. The norm on C(K) is the supremum norm and is denoted by || \\k- 
The norm || \\ m , K on C m (K) is defined by ||w|| m> K = Y.\ a \<m \\D a u\\ K - 

For easy reading, in some cases we will adopt the notation ||(/?(x)-u||ft; to still denote 
sup^ \<p(x) u(x)\. 

A bounded analytic semigroup of angle with 0<#<7r/2isan analytic semigroup 
defined in the sector Tig = {z G C | |argz| < 9}. 

For other undefined notation and results on the theory of semigroups we refer to 
[12 [ZL] [21]. 

In the present paper will use some results about injective tensor products. We 
refer to [19} [2D] [29} [23] for definitions and basic results in this topic and for related 
applications. 
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2. The 2-dimensional case. 

2.1. Auxiliary results. We first consider the one-dimensional second order differ- 
ential operator 

Au(x) = m(x)xu" (x), x £ [0,6], (2-1) 

and suppose that b > and m is a strictly positive function in C([0, 6]). The operator 
^4 with domain D(A), defined by 

D(A) = {u £ C([0, 1]) n C 2 (]0, 61) I lim An = 0,n'(6) = 0}, (2.2) 

generates a bounded analytic Co-semigroup (T(t))t>o of angle ir/2 on C([0,6]) which 
is contractive, [221 l6l 171 [TU] . 

Proposition 2.1. Zei 6 > ane? let m be a strictly positive function in C([0, b]). Then 
the operator A with domain D(A) defined according to K2. 2\) satisfies the following 
properties. 

(1) There exist Sb > 0, Cb > and Db > such that, for every < e < Eb and 
u £ C([0, 6]) n C 2 (]0, b\), we have 

Cb 

1 1 \fxv! 1 1 [ 0)6 ] < — |H|[0,6] + A^I^Hto^- 
^i?) There exist Kb > and tb > such that, for every < t < tb, we have 

\\^/x(T(t)uY\\ [0:b ] < -j=\\u\\[o,b}, u G C[0,b], 

and such that, for every t > tb, we have 

|| yfx(T(t)u)' || [0,6] < i<T&||it||[o,6], u£ C[0,b}. 

(3) For each < 9 < ir there exists a costant Cb > such that, for every A £ {z £ 
C | |argz| < 9} with |A| > 1, we have 

||v^(JJ(A,A)«)'|| [0)6] < -^||n||[ 0i 6], u£C([0,b]). 

V l A l 

Proof. Denote by m,Q = mm x& ^ b] Tn(x). Then mo > 0. 

(1) Fix u £ C([0, 6]) n C 2 (]0, 6]). Then we have, for every z, h G [0, 6/2], that 

,h 

u(z + h) = u(z) + hu (z) + (h- s)u"(z + s)ds. (2.3) 

•/ o 



Let < £ < y | and /i = £i/5. Then fa < | and hence, from (j2.3f> it follows 

1 1 /" e V^ E f£ — s 
\fzv! \z) = ~(u(z + E\/~Z) — u{z)) / u" (z + s)(z + s)ds, 

£ £ Jo z + s 



where 



Therefore 



f B ^ ' eJz-8 1 f £ ^~ z , i — . e 2 



^ II [0,6/2] < "INI [0,6] + |lk«"ll[0,6] < 
" ill U H[0,6] + 2^ll^«ll[0,6]- 
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On the other hand, if z € [b/2,b] and e e]0, 6/4] (and hence, z — e G [6/4, 6[), there 
exists £ G [6/4,6] such that 

e 2 



and hence, 



It follows that 



u(z - e) = u(z) - eu'(z) + y«"(0 



u'(z) = - £ (u(z)-u(z-e)) + £ -u"(0. 



\V-zu'(z)\ < ^\\u\\ m + fs^u"(0\ 



2 Al I, 2e n //I, 

S -y- IP || [0,6] + ~^" ZU 1 1 [6/4,6] 



So, 



< — l|«ll[0,6] + ^^H Au ll[ 6 /4,6]- 



_ , 2v / 6 ll ,, 2e 

||V«« II [6/2,6] < — ll«ll[0,6] + ^Hl Au llc[0,6]- 



We then obtain, for every < e < e b ■= min{^/|, |, 1}, that 

„ ... 2 + 2^/6,, , e A 2 . „ „ , 

\WZU 1 1 [0)6 ] < ||ti|| [0l 6] + — (- + -^)||A«|| [0) 6]. 

(2) Let u £ C[0, 6]. Since (T(t))t>o is a bounded analytic Co-semigroup in C([0, 6]), 
we have T(t)u G and there exists M > such that i||AT(t)|| < M for every 
t > 0. Applying the property (1) above, we then obtain 

\\VZ{T(t)u)'\\ m < ^\\T(t)u\\ m +D b e\\AT(t)u\\ [0M 

<r Cb \\ II L n M ll II 
< ylMI[o,&] + D b£— \\u\\[o,b}- 

Set t b := e 2 b . Then there exists K b = max{C fe + MD b , C b + > such that we 

obtain, for every < t < t b and taking e = that 

K b 

\\Vx(T(t)u)'\\ m < ^=NI[o,6]> 

and such that, for every t > t b , 

\\Vx(T(t)u)'\\ [0tb] < K b \\u\\ [0jb] . 

(3) By property (2) above the operator y/xDT{i) is bounded on C([0, 6]) with norm 
less or equal to K b j\ft if < t < t b and to K b if t > t b . It follows, for every 7] > 1, 
u £ C([0,6]) and x G]0,6], that 

(r+oc \ poo 

J e-*T(t)(u)dtJ = J e-*(^(T(t)u)'dt 
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and hence, 

\\Vx(R(v,A)u)'\\ [0tb] < K b \\u\\ l0jb] 

= *(^ + - 

Consequently, if v G D(A) and rj > 1, then 

C b 



t -l/2 e -*dt + 



'6 



I II <r Cb II II 
Ml [0,6] < ^=\\u\\ m . 



\y/xv I 



[0,6] 



< 



r/v - A«[|[o, 6 ] < C& ^7 II HI [0,6] + J^H^I 



[0,6] 



Let < < ir be a fixed angle. If v = R(fi,A)u for some /x G {z G C | |argz| < 0} 
with |/z| > 1 and u G C([Q,b]), then by the sectoriality of A it follows 



\\^(R(ji,A)u)'\\ m < C h (^\\R{^A)u\\ Qb + —\\AR{^A)u\\ m 



Cb ( y/rj\\R(ii,A)u\\ { Q M + — -u || [o j6 ] 



< C b M I j^ll«ll[o,6] 



I [0,6] , 



where the constant M depends only on 9. By taking 7] = we get the assertion. □ 

Remark 2.2. The inclusion (D(A), \\ \\a) '->■ C([0, 6]) is compact and hence, (A, D(A)) 
has compact resolvent (here, || \\a denotes the graph norm). Indeed, if u G D(A), then 
via Proposition I2.1f 1) we obtain, for every < x,y < 6, that 



\u(x) - u(y)\ 



< 



u'{t)dt 
y i 



y i 
Vt—u'{t)dt 
vt 



Vt 



dt 



\\Vsu\\ [0tb] < C\Vx- s/y\\u\ 



(2.4) 



for some constant C > 0. Next, let (u n ) n C D(A) with sup ngN ||^n|U = K < oo. 
Then (12. 4p implies that the sequence {u n ) n is equicontinuous in C([0, b]). Since (u n ) n 
is also equibounded in C([0, 6]), we can apply Ascoli-Arzela theorem to conclude that 
(u n ) n contains a subsequence (u n i) n > converging to some u in C([0, 6|). This proves 
the claim. 

Since (A,D(A)) generates an analytic Co-semigroup (T(t))t>o on C([0, b]) (and 
hence, a norm-continuous Co-semigroup) and has compact resolvent, (T(t))t>o is a l so 
compact. 

We now consider the one-dimensional second order differential operator 

Aiu(x) = m(x)x(l - x)u"(x), x G [0, 1], (2.5) 
with domain D(A\) defined by 

D(Ai) = {u G C 2 (]0, 1[) n C([0, 1]) I lim AMx) = 0}. (2.6) 

x— >0,1 

The operator (Ai,D(Ai)) generates a bounded analytic Co-semigroup (T(t))t>o of 
angle 7r/2 on C([0, 1]) which is positive and contractive, [H [22]. Using Proposition 
12.11 we can show that the operator (A\, D(Ai)) also satisfies the following properties. 
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Corollary 2.3. Let m be a strictly positive function in C([0, 1]). Let (Ai, D(A\)) 
be the differential operator on [0, 1] defined according to \2. 5\) . Then the differential 
operator (Ai, D(Ai)) satisfies the following properties. 

(1) There exist e > 0, C > and D > such that, for every < e < e and 
u G C([0,1]) nC7 2 (]0,l[) ; we have 

C 



\\\/x(l - x)u'\\[ 0) i\ < —\\u\\[o,i] + De\\Aiu\\i 0j x\. 
(2) There exist K > and t > such that, for every < t < t, we have 
\Wx(l-x)(T(t)u)'\\ m < ^=\\u\\ m , u G C[0, 1], 
and such that, for every t >t, we have 



\\y/x(l-x)(T(t)uy\\ M < K\\u\\ [0A] , u G C[0, 1]. 

(3) For each < 9 < tt there exists a costant C > such that, for every A G {z G 
C | |argz| < 9} with |A| > 1, w;e have 

C 



yx(l-x){R{\A x )u)'\\ m < -_|H| [0i1]j u€C([0,l]). 

v l A l 



Proof. (1) Let b = Since m(x)(l — x) is a strictly positive function in C([0, &]), 
the differential operator ^4-1 1 [o,6] i s °f the same type of (|2,ip and hence, we can apply 
Proposition 12.1( 1) to conclude that there exist e\ > 0, C\ > and Z?i > such that, 
for every < e < ei and u G C([0, 6]) n C 2 (]0, b}), we have 

|| \fxvl || [o i6] < — |M|[o,6] + Die\\Aiu\\ [0ib y (2.7) 

Next, let A be the differential operator on [0,6] defined by Av(x) = m(l — x)x(l — 
x)v"(x) for x G [0, b], and let $ : C([b, 1]) — > C([0, 6]) be the surjective isometry defined 
by <&(u)(x) := u(l — x) for u G C([6, 1]). Then the differential operator A is of the 
same type of (I2.1j) . In particular, we have 



(A o $){u)(x) = m(l - x)x{l - x)u"{\ - x), x G [0, b], u G C([0, 6]) n C 2 (]0, 6]), 
and hence, 

o A o $)(u)(x) = m(x)(l - x)x, x G [6, 1], u G C([6, 1]) n C 2 ([6, 1[). 

Thus, we can apply again Proposition 12.1( 1) to conclude that there exist £2 > 0, 
C 2 > and D 2 > such that, for every < e < e 2 and u G C([6, 1]) D C 2 ([b, 1[), we 
have u = $(tt) G C([0, 6]) n C 2 (]0, 6]) and 

C 2 



II Vl - xu'\\ [btl] = \\y/xv'\\[ 0)b ] < — 1|«||[ 0) 6] +X? 2 e||Au||[o,6] 

<?2, 



— IMI[&,i] +-D2E||Aiit||[ 6> i]. (2.8) 
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Combing (j2.7j) and (12 . 8|) and setting s = min{e 1 ,e 2 }) we obtain, for every < e < s 
and u £ C([0, 1]) n C 2 (]0, 1[), that 



\\y/x(l-x)u'\\[ Qil ] < ||v^'||[o,6] + II VI -xu'\\ [b ^ 

C\ c 

< — \\ u \\[0,b] + D l£\\^iu\\[0,b] + — \\u\\[b,l] +- D 2£||-4H|[6,l] 

C\ + C 

< IMI[o,i] + (^i + £) 2)e||A'"||[o,i]- 

Then, the proof of property (1) is complete. 

Properties (2) and (3) follow as in the proof of Proposition 12,11 □ 

2.2. Consequences for a class of two dimesional elliptic differential opera- 
tors. Using the previous results and some basic properties of injective tensor products 
in the setting of Banach spaces, |19[ [20] [29j [23], in this subsection we are able to pro- 
vide resolvent estimates for the two-dimensional second order differential operators of 
the following type 

A 2 u(x, y) = mi(x)x(l - x)d%u(x, y) + m 2 (y)ydyu(x, y), (x, y) € [0, 1] x [0, 6], (2.9) 

with b > 0, mi and m 2 strictly positive functions in C([0, 1]) and in C([0, b]), respec- 
tively. To this end, we proceed as follows. 

We consider the one-dimensional differential operators 

B\u{x) = mi(x)x(l — x)u"(x), x £ [0, 1], and B2v(y) = m2{y)yv" (y), y G [0, b], 

with domains D(Bi) and D{B2), where D(B\) is defined according to (|2,6p and 
D{B2) is defined according to (I2.2j) . respectively. The operators (B\, D{B\)) and 
(B 2 , D{B2)) generate bounded analytic Co-semigroups of angle ir/2 on C([0, 1]) and 
on C([0,6]) respectively, which are both contractive. Denote such semigroups respec- 
tively by (Si(t))t>o and (S2(*))t>o- Then the injective tensor product (T(t))t>o = 
{Si(t)§> £ S2{t))t>o is also a bounded analytic Co-semigroup of angle ir/2 on C([0, 1] x 
[0,6]) = C([0, 1])§ £ C([0, b]), which is contractive, |23| . Moreover, the infinitesimal 
generator of (T(t))t>o is the closure of the operator 

((Bi 8) I y ) + (I y 8) B 2 ), D{B{) ® D(B 2 )), 

where I x and I y denote the identity map on C([0, 1]) and on C([0, b]) with respect to 
the variables x and y respectively, and admits the space D(B\) ® D{B 2 ) as a core. 
Observing that 

A 2 u = {Bi ® I y )u + {Iy ® B 2 )u, u € D{B 1 ) ® D(B 2 ), 

we can denote such a closure by (A 2 , D(A 2 )). Since D{B\) (£> D(B 2 ) is a core for 
(A 2 ,D(A 2 )), we have C 2 ( [0,1] x [0, b}) C D{A 2 ) C C([0, 1] x [0, 6]) n C 2 (]0, l[x]0, b}), 
[291 Chap. 44]. 

Since the semigroups (S\(t))t>o and (5 < 2(t))i>o are a l so compact, see (HJ [22] and Re- 
mark [2~2| their injective tensor product (T(t))t>o shares too the compactness property, 
[20, §44, p. 285]. Hence, its generator (A 2 , D(A 2 )) has compact resolvent or equiva- 
lently, the canonical injection {D{A 2 ), || H^) C([0, 1] x [0,6]) is compact, where 

\\a 2 denotes the graph norm. 

Next, setting T 2 b = [0,1] x [0,6] and using Proposition 12.11 and Corollary 12.31 we 
obtain 
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Proposition 2.4. Let b > and let mi and m2 be two strictly positive functions in 
C([0, 1]) and in C([0, b]) respectively. Then the operator (A2, D(A2)) defined according 
to \2. 9\) satisfies the following properties. 

(1) There exist H > andt > such that, for every < t < t and u G C(T 2i b), we 
have 

\Wx(l-x)d x (T{t)u)\\ T2 , b < ^ll«l|T a , 6 , \\Vydy(T(t)u)\\ T2b < ^\\u\\T 2)b , 

and such that, for every t >t and u G C(T 2 ;,), we have 

\Wx{\ - x)d x (T(t)u)\\ T2>b < H\\u\\ T2tb , \\Vyd y (T(t)u)\\ T2 b < H\\u\\ T2 b . 

(2) For each < 9 < tt there exists a costant C > such that, for every A G {z £ 
C I |argz| < 9} with |A| > 1 and for every u £ C{T2.b), 

Q 

\\y/x{\ - x)d x (R(X,A 2 )u)\\ T2 b < _— Hull^, 

V l A l 

\\^d y (R(X,A 2 )u)\\ T2ib <-^\\u\\ T ^. 



Proof. (1) By Proposition 12,1( 2) and Corollary 12,31 the operators yj x{\ — x)d x S\(t) 
and yfyd y S2{t) are bounded on C([0, 1]) and C([0, b]) respectively with norm less 
or equal to m&x{K, Kb}/\/t if < t < t := min{t, t^} and to m&x{K, Ki\/y/t if 
t > t. Then the operators (y/x(l — x)d x Si(t))® e S2(t) and Si(t)<S) £ ((^/ydyS 2 (t)) are 
also bounded on C(T2 b) with norm less or equal to max{-fT, Kb}/\/i if < t < t or 
to max{K, Kb}/yft if t > t, |19| . So, the theses follow, after having observed that, for 
every u G C(T2 6), we have 



- x)d x (T(t)u) = ((y/x(l - x)d x S 1 (t))^ e S 2 (t))(u), 

Jyd y {T{t)u) = (S 1 (t)® £ (^d y S 2 (t)))(u). 

Property (2) follows analogously to the one-dimensional case, i.e., it suffices to repeat 
the argument already used in the proof of Proposition 12. If 3). □ 

We now consider the more general case 

m(y)A 2 u(x,y) = m(y)[m 1 (x)x(l - x)d%u(x, y) + m 2 (y)ydyU(x, y)], (x,y) G T 2jb , 
and observe that 

Proposition 2.5. Let m be a strictly positive function in C([0, b]). Then the operator 
(m(y)A2,D(A2)) generates a contractive Co-semigroup on C(T 2 b) o,nd has compact 
resolvent. In particular, D(B\) <S> D(B%) is a core for (m(y)A2,D(A2)). 

Proof. Since (A2, D(A 2 )) generates a contractive Co-semigroup on C(T2b) and m is 
a strictly positive function in C([0, &]), we can apply a result of Dorroh Theo- 
rem] to conclude that (m(y)A 2 , D(A2)) also generates a contractive Co-semigroup on 
C(^2,b)- Hence, the fact that (m(y)A2, D(A2)) has compact resolvent follows easily, 
after having observed that the norms || \\a 2 and || \\ m A 2 are equivalent. □ 

Thanks to Propositions I2.4l and l2.5l we can use the method of approximate resolvents 
to prove the following. 
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Proposition 2.6. Let m be a strictly positive function in C([0, b]). Then the operator 
(m(y)A2,D(A2)) generates an analytic Co-semigroup of angle tt/2 on C(T 2 &). The 
semigroup is compact. 

Proof. For the sake of simplicity, we suppose 6 = 1 and set mo =: min yg r 0il ] m(y). 
Moreover, we denote by Q the square T21. 

For each n G N let P n : = i±i], i = 1, . . . , n - 1. Then we choose fa G C°°(R) 
for alH = 1, . . . , n — 1, such that supp (<^J C and X^ItTi (0n) 2 = We observe that, 
if Uj G C(Q), for i = 1, . . . , n — 1, and y G [0, 1], then there exists j G {1, . . . , n — 1} 
such that y £ In and hence 

n-l 

^^(yMfoy) = <^n 1 {y) v j-i{ x ^v) + <tti(y) v j(. x ,y) + (Hi^iy^j+iixiyj- 
Therefore, we have 

n-l 

||J>>*II<2<3 sup llfellg. (2.10) 

i=l,...,n— 1 



i=l 



Since the operator -0(^2)) generates a bounded analytic Co-semigroup of angle 
7r/2 on C(Q), for each A G C \ (— 00, 0], n G N and i = 1, . . . n — 1, we can define 

i? m (A)= (^A-m^^-^) yl 2 X 

and hence, for a fixed angle < # < ir, there exists M > such that, for every 
A G {z G C I |argz| < n G N and i = 1, . . . n — 1, we have 

-1 



|i?m(A)|| 



7 71 



t - 1 



77 



i? 



A 



777 



i-1- 



< 



M 



(2.11) 



If we set fjL = A [m (^01 \ then we also have 

'i- 1 



A 2 -Ri n (A) 



777 



777 



777 



77 
% - 1 

n 
% - 1 
n 



-1 



A 2 R{n,A 2 ) 



((A 2 - A 2 ) + ^2)) 



and hence, 



|A 2 ili„(A)|| < 



77? 



-1 



t - 1 



77 



-I + XR in (X)) 



(1 + M) < 



1 + M 

m 



(2.12) 



We now consider the approximate resolvents of the operator mA 2 defined by 

n-l 

S n (X) U = J> n " Rin(\)(4>>), U G C(Q). 



i=l 



Combining (|2.1ip with (|2.10p . we obtain, for every A G {z G C | |argz| < 9} and 
n G N, that 

||S n (A)||<^p (2.13) 



ANALYTICITY OF A CLASS OF DEGENERATE EVOLUTION EQUATIONS 
Since we have, for every (j), r] E D(A 2 ), that 

M{<H) = ■nA 2 {4>) + <j)A 2 (ri) + 2[m 1 (x)xd x 4>d x rj + m 2 (y)yd y (j)dyr]}, 
the operators S n (X) satisfy, for every u E C(Q), 

n-l 

(A - mA 2 )S n (\)u = (A - mA 2 ) ^ </>n^m(A)((/>>) 

i=\ 

n— 1 n— 1 

= XX • ( A - mA 2 ) J R in (A)(<^.>) - X «^WJ • ^n(A)(<A>) + 
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i=l 



i=l 



n-l 



-2mX[ x?71 i( a; )^C^(-Rm(A)(0») + ym 2 (y)d y (j) l n dy(Ri n (\)((f) l n u)] 

'i - r 



i=l 
n-l 



+ XX 



i=l 



???. 



n 



m A 2 {R in {\){4> l n u)) + 



n-l 



n-l 



u) - 2m ym 2 (y)d y <p' l n dy (Rj n (A) (4> % n u) ) 



i=i 



i=i 



=: (/ + C7 1 (A) + C7 2 (A) + C 3 (A))n. 



We now fix n £ N such that sup^ \m{y) — m(^=-)| < e =: 6 ^° M ^ for i = 1, . . . , n — 1. 
Then, from (HTTP]) . (ETTT1) and (1^12]) and Proposition E3K2) it follows, for every A G 
{z£C| |argz| < 6*} with |A| > 1 and u G C(Q), that 



|Ci(A)u||g < 3e sup \\4,A 2 R m (X)(4,u)\\ Q < 3e^^\ 

i=l,...,n-l ^0 

n-l 

|C 2 (A)U|| Q = || X^2(4) • i?m(A)(4«)|| Q 



fIIq < gIN 



1=1 



n-l 



< X max m(y)p 2 (4)|| Q ||^(A)(4«)||Q 



< C max m(y) sup || J R iw (A)(^n)|| Q < t-jIMIq, 

!/e[0,l] j=l,...,n-l |A| 

||C 3 (A)u||q < 6 max m(y) sup ||ym 2 (y)d y <^ y (i? l n(A)(<^iu))||Q 

!/e[0,l] i=l,...,n-l 

<F sup ||^/y5j / (i? iH (A)(0 7fl «))||Q 

i=l,...,n— 1 



i - 1 



71 



-1 



v ( R [ Xin ( 



= i? sup 

i=l,...,n— 1 

<^NIg, 

for some positive constants X, X' independent of A and u. Now, if |A| > R for some 
R > large enough, then we get || Cj (A) + C 2 (A) + C 3 (A) 1 1 < 1 and hence, the operator 
B = (\ — mA 2 )Sn(\) is invertible in C(C(Q)). So, there exists R(X,mA 2 ) = Sjt^B^ 1 
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in C(Q) and by (l2~T3l) 

\\R(X 1 mA 2 )\\ = \\S(X)B- 1 \\<^ (2.14) 

for some M' > independent of A, provided A — m(y)A2 is injective and, in particular, 
for A > as m(y)A2 is dissipative by Proposition 12.51 

Observing that if A G p{m(y)A2) and \p — A| < ||i?(A, m^)!) -1 then p G p(m(y)A2), 
it is not difficult to conclude via (12, 14ft and an argument of connectness that 

p(m(y)A 2 ) 5 {z G C | |argz| < 6, \z\ > R}. 

This fact togheter f|2. 14[) imply that mA2 generates an analytic semigroup of angle 
vr/2. 

Since the semigroup is analytic, hence norm-continuous, and the differential oper- 
ator (mA2, D(A2)) has compact resolvent, the semigroup is also compact. □ 

Moreover, an analogous result of Proposition 12.41 holds in the case of the differential 
operator {W1A2, D(A2)). Indeed, we have 

Proposition 2.7. Let b > and let m be a strictly positive function in C([0, b]). Then 
the operator (111A2, D(A2)) satifies the following properties. 

(1) There exist K b > and t b > such that, for every < t < t b and u G C(T2 >b ), 
we have 

\\^r^x)d x (T(t)u)\\ T2 , b < ^\\u\\T 2 , b , \\Vyd y (T(t)u)\\ T2 , < ^=\\u\\ Ta , b 
and such that, for every t > t b and u G C(T2 :b ), we have 

yx{\-x)d x (T(t)u)\\ T2tb < K b \\u\\ T2>b , \\^d y {T(t)u)\\ T2b < K b \\u\\ T ^. 

(2) For each < 6 < tt there exist two constants C b > and c b > such that, for 
every A G {z G C | |argz| < 6\} with |A| > c b and u G C(T2 jb ), 

'\y/x(l - x)d x (R(X,mA2)u)\\ T2b < —^=\\u\\ T2b , 



|A| 
C b 

\\ v /yd y (R(X,mA 2 )u)\\ T2fi < — — [|u|| Tai6 . 

V l A l 



Proof. We first prove property (2). Fixed an angle < 9 < tt, let A G {z G C | 
|argz| < 6\} with |A| > 1 and u G D(mA2) = D(A2). Then there exists v G C{T2 )b ) 
such that R(X,A2)v = u and hence, by Proposition I2.4f 2) we have 

(j 

\Wx{l - x)d x u\\ T2 b = \Wx{l - x)d x (R(\, A 2 )v)\\ T2tb < —=\\v\\ T2 , b 



|A| 

( \\A2U-Xu\\ T2 ,. (2.15) 



1A| 

If |A| is large enough, by Proposition 12.61 there exists also w G C{T 2yb ) such that 
R(X,mA 2 )w = u with || Ai?(A, m^4 2 ) || < M for some M > 0. We then obtain 

A2U — Xu = — (mA2U — Xu) + ( 1 ) Am, 

m \m 
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and hence, 

\\A 2 u- \u\\ T < — \\mA 2 u-Xu\\ T%b + (— + l)\\\\\u\\ Tb 
mo \mo J 

= — \\mA 2 u- Xu\\ T2b + ( — + 1 J \X\\\R{X,mA 2 )w\\T 2b 
mo ' \ m o / 

< ^\\mA 2 u - Xu\\ T2tb + M (~~ + \H\T 2>b (2.16) 

< M'(— + l), 

with M' = 2M (jj^ + l) (assuming that M > 1). Combining (j2~15j) with (p2~16j) . we 

get 

X 

\W^{1 -x)d x u\\ T2fi < -j=\\mA 2 u- Xu\\ T2}b . 

The other inequality follows proceeding in analogous way. 

(1) Fix < 6 < 7T. By property (2) above there exist C b , c b > such that, for every 
X £ {z £ C \ |argz| < 6} with |A| > c b and u G C^T 2 ^), 

\\y/x(l - x)d x (R(X,mA 2 )u)\\ T2b < —^=\\u\\ T2tb . 

V l A l 

So, we obtain, for every A G {z G C | |argz| < 9} with |A| > c b and w G Z^^), that 
11^(1 - a:)3xw||T 2 . b < -j=\\^v - mA 2 v\\ T2>b 

v\x\ 



Since (mA 2 , D(A 2 )) generates an analytic Co-semigroup (T(t))t>o of angle 7r/2 on 
C(T 2i b), for every it G C(T 2tb ) we have T{t)u G -0(^2) and there exist M > 0, u; > 
such that t||m^ 2 r(t)|| < Me 1 "' for t > 0. Applying (p2~T7j) with v = T(t)u, we then 
obtain that 

(~~< pWt 

\Wx{l-x)d x (T{t)u)\\ Txb < C b y/\X\\\u\\ Ta>i + -^M— || U || T2>6 . (2.18) 



Set t b := ± > 0. Then there exists K b = max |c 6 (l + Me""' 6 ), ^A=(l + M)| such 
that we get, for every < i < t b and taking A = t , that 



||V^(l^R.(T(i)u)|| T2 , < -i(l + Me^)|H| T2 , 6 < ^=IMIt 2 , 6 , 
and such that, for every t > t b , 

\\^xJT^)d x (T(t)u)\\ T2:b < ^±(l + M)e wt \\u\\ T2)b <K b e wt \\u\\ T2ib . 



The other inequality follows proceeding in analogous way. □ 
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Example 2.8. Fix < 5 < 1 and set T 2i i_ 5 = [0, 1] x [0, 1-5], T^ s ,2 = [0, l-<5]x[0, 1]. 
Then the above results apply to the following second order differential operators 

1 x(l — x) „n y(l — y) „ 9 . 

A 2A u(x,y) = ^——>d 2 x u+ y{ y> d 2 y u 2.19 

1 — y 2 2 y 



1 f x(l - x) 2 y(l - y) 



2 



1-1/ 

with domain D{B\) <g) D{B2), and 



.l^U.*,) ^ T ^^+ 1 ^/ (1 2 (2.20) 



1 ^ (1 - X)2 ^ + ^0>], (, y)6 T^ 



1 - x V 2 * 2 y 

with domain D(B2) ® D(B\), where D(B\) and D(B2) are defined by 

£>(-Bi) := {u G C([0, 11) n C 2 (]0, 1[) I lim x(l - x)u"{x) = 0}, 

x-+o+,i- 

D(B 2 ) := {u G C([0, 1 - 5]) n C 2 (]0, 1 - 5]) | lim = 0, u'(l - J) = 0}. 

Indeed, as <5 < 1 — y < 1 for every y G [0, 1 — <5], by the previous considerations we 
can conclude that the closure (A2 t i,D(A2 t i)) of (^2,11 D(B\) ® D(B2)) generates an 
analytic Co-semigroup of angle 7r/2 on C(T2 1-5)1 which is contractive and compact, 
and shares properties (1) and (2) in Proposition 12. 71 Analogously, as 5 < 1 — x < 1 for 
every x G [0, 1 — 5], the closure (^2,2, ^(-^2,2)) of (^2,2, D(B 2 ) ® D(B{)) generates an 
analytic Co-semigroup of angle tt/2 on C(Ti_^ 2)) which is contractive and compact, 
and shares properties (1) and (2) in Proposition 12 . 71 with respect to y and x. 

2.3. Analyticity of a class of degenerate evolution equations on the canon- 
ical simplex of M 2 . Let S2 be the simplex of M 2 defined by 

S 2 = {(x,y) eR 2 \x,y>0, x + y<l}. 

We are here concerned with the second order degenerate elliptic differential operator 

1 1 

A 2 u(x, y) = -x(l - x)<9 2 u(x, y) + -y(l - y)d 2 u(x, y) - xyd 2 xy u(x, y), (x, y) G S 2 . 

(2.21) 

The aim of this subsection is to show the analyticity of the semigroup (T(t))t>o 
generated by the closure (A%, D(A 2 )) of (A2, C 2 {S2)) on C(S I 2) (see Theorem II .ip . In 
order to prove this, we use suitable changes of coordinates as follows. 

Fix < 5 < \. Then, we set 

ill := {(x,y) ES 2 \0<y<l-6}, 

fl 2 ■- {( x ,y) G S 2 I < x < 1 - 5}. (2.22) 

Then S 2 = U 2 =1 ^. Next, we introduce the maps 

<Pi : T 2i is -> ^1, (r, s) -> <pi(r, s) = (r(l - s),s), 
^2:Ti_5 j2 ^fi2, {r,s)^<p 2 {r,s) = (r,s(l-r)). (2.23) 

Lemma 2.9. The map ifi is bijective and a C°° -diffeomorphism for i = 1, 2. 
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Proof. Let i = 2. Then, for each (r, s) G T^ s ,2 = [0, 1 - 5] X [0, 1], r > 0, s > 0, and 
r + s(l — r) < 1 (as (1 — r)(s — 1) < in Ti-^)) and hence, (p 2 (r, s) G S*2. Moreover, 
for each (r, s) G Xi_<5 2> < r < 1 — <5. So, the map </?2 is well defined. On the other 
hand, it is easily seen that (p 2 is continuous and injective. Next, let (x,y) G £l 2 an d 
let (r,s) := (x, j^r)- Then (r, s) G T 1 _ < 5 j2 an d ^(^-s) = (x,y). Therefore, tp 2 is also 

surjective. In particular, we observe that ip~ 1 (x,y) = (x, jr^j for (x,y) G £^2 • Hence, 
ip2 is a C^-diffeomorphism. The proof is analogous in the case of ip\. □ 

So, we immediately obtain 

Lemma 2.10. Let $ x : C(^i) ->• C(T 2jl _ s ) and $ 2 : C(fi 2 ) -> C , (T 1 _ 5)2 ) 6e #ie oper- 
ators defined by 

$>i(u) = uo tfi, u G C(Oj), i = 1, 2. 

TTien <I>j is a surjective isometry for i = 1,2. /n particular, §i(C m (T 2 ^$)) = 
C7 m (T 2 ,i_ 5 ) and $2(C m (T 2i i_ 5 )) = ^(T^^) for every m G N. 

For each i G {1, 2} we define 

A 2 , i :=<Z>; 1 oA 2ti o<Z> i , D(A 2 ,i) = <S>;HD(A 2:i )), (2.24) 



with (A 2 i, D{A 2 i)) the second order differential operators defined in Example 12.81 
Then the operator (A 2 i> D(A 2 i)) generates an analytic Co-semigroup of angle tt/2 
on C(f2j) (which is also contractive and compact) for every i G {1,2}. We observe 
that, for i = 1 and v = &i(u) for some u G $7 1 (^(^42,i))> we have 



d r v = (1 - s^u, S£u = (1 - s) 2 d 2 x u 

d s v = —rd x u + d y u, d 2 v = r 2 d 2 u — 2rd 2 y u + d 2 

So, we obtain 



A 2l i($i(u))(r, a ) = V(^) = r(1 S) %u + 

+ <}^A {r 2 d 2 u _ 2rd 2 yU + d 2 u) 



r(l-a)[l-r(l-s)]_2 „ 



x ( 1 - ic )a2../'_ ./k , VQ-V)& 



and hence, 

^•2,1 y) = ~ V " 2 — (%u(x,y) + " v " 2 yJ dyU(x,y) - xyd xy u(x,y), (x,y) G fii, 
i.e., ^4 2 bi = ^2,1- 

On the other hand, for % = 2 and u = <£>2( M ) for some ti G $2 1 (-^'(^2,2)) 5 we have 

d r v = d x u — sdyU, d 2 v = d 2 u — 2sd 2 y u + s 2 d 2 u 

d s v = (1 — r)d y u, d 2 v = (1 — r) 2 d 2 u. 
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So, we obtain 

r(l — r 



A 2 , 2 (<f> 2 (u))(r, s) = A 2)2 v(r, s) = ' (d l x u - 2sd l xy u + s z d z y u) + 

8 (l- 8 )(l-r) 

+ ^ 9 y U) 

= r -^^dlu-rs(l-s)dl y u + 

s(l - r)\l - s(l - r)} n2 , s m 

+- -^r^ -d 2 y u, (r, s) G T^ 2 , 



and hence, 



-42,2(x,y) = — - X ^ dlu(x,y) + V ^ ^ d$u(x,y) - xyd xy u{x,y), (x,y) G J2 2 , 

i.e., -4 2 h 2 = -^2,2- 

We may now prove the main theorem of this section. 

Theorem 2.11. The closure (A 2 , D(A 2 )) of (A 2 ,C 2 (S 2 )) generates an analytic Co- 
semigroup (T(t))t>o of angle tt/2 on C{S 2 ). The semigroup is compact. 

Proof. Fix < 5 < \. Let {ipi}i=i, 2 Q C C °°(M 2 ) such that £- = i(*0i) 2 = 1 on $2 and 

supp(^i) C {(x,y) G R 2 | y < 1 - 5} 
supp(^ 2 ) Q {(x,y) G R 2 | x < 1 - 6}. 

For the sake of simplicity, we still denote by tpi the restriction of ipi to fij, for i = 1,2. 

By Proposition 12.61 the operators A 2) i generate analytic Co-semigroups of angle 
tt/2. So, if < 9 < ir is a fixed angle, we can find two positive constants C and R 
such that, for |A| > R with |argA| < 9, the resolvents R(X,A 2t i) exist and satisfy 

11^,^2,011 < »' = 1,2. (2.25) 

So, for every A G {z G C | |argz| < 0} with |A| > i?, we can define the operator 
5(A) : C(S 2 ) -> C(5 2 ) via 

2 

5 , (A)« = ^^i?(A,^ 2 ,i)(V'^), «£C(5 2 ), (2.26) 
i=i 

and hence, 

l|S(A)||< 

We observe that the previous considerations on the differential operators ,A 2i j ensure, 
for every % = 1, 2 and u G C(S 2 ), that 

^(Vi^A,^)^)) =Ai(^(A ) ^, i )(^)) 1 (2.27) 
and, for every f,g£ D(A 2) i), that 

AiCfa) = (Ai/)^ + /(^2,iP) + [z(l-x-y)^/^+ (2-28) 
+(1 - x - y)yd y fd y g + xy(d x f - d y f){d x g - d y g)\ 
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By ([2~27j) and (l2~28j) we obtain, for every A G {z G C | |argz| < 9} with |A| > R and 
u G 0(52), that 



(X-A 2 )S{X)u = XS(X)(u)-J2A 2 (rpiR(X,A2,i)(rpiu)) 

i=l 
2 

= XS(X)(u) - ^2A 2 ,i(i/>i{R(\, AzMiii)) 
i=i 

2 2 

= ^ ipi(X - A 2 ,i)R{X, A 2 ,i){^iu) - A 2 ,i{ipi)R(X, A 2 ,i)(ipiu) + 



i=l 
2 



i=l 



- x - y)d x (R(X,A2,i)(ipiu))d x il}i + 



+ y(l - x - y)dy(R(X,A2,i)(ipiu))d y ipi + 

- xy(d x (R(\,A2,i)(il>iu)) - d y (R{X,A 2 ,i)(^iu)))(d x ^i - d y ijji)] 

=: (I + B(X) + C(X))(u). 

Applying (I2.25P we obtain, for every A G {z G C | |argz| < 0} with |A| > R and 
u G C(S , 2 ), that 

M 

||S(A)u|| & < p-|||«||5 2 , 

for some M > 0. In order to estimate C(A) we proceed as follows. 

Let / G D(A 2 ,\) and u = $i(/). Then v G D{A 2) i) and the following holds 



d r v = (1 - s)^/, d s v = -rd x f + d y f, 



and hence, 



Q V T 1 — T 

d x f = - J — , 9?;/ = 3 s u + d r v, d x f - dyf = - d r v - d s v. 

1 — s 1 — s 1 — s 



(2.29) 



(2.30) 



So, by Lemma 12.101 and Proposition 12.7( 2) (combined with Example I2.8P we obtain, 
for every A G {z G C | |argz| < 9} with |A| > R\ := max{i?, q,}, that 

||x(l - x - y)d x fd x ip! +y(l-x- y)d y fd y t/j 1 + xy(9 I / - d y f)(d x ipi - d y ipi)\\s 2 
< \\x(l - x - y)d x fd x ip 1 \\n 1 + ||y(l - x- y)d y fd y ip 1 \\n 1 + 
+\\xy{d x f - d y f)(d x ^i - <9j,Vi)lhi 



<Ci 



r(l - s)(l - r)(l - s) 



1 - s 



+ 



T>,_ 



(1 -r)(l - s)s v s + 



1 - s 



T 2 ,i 



+ 



1 — r 

r(l — s)s v> 



1 - s 



C> 



<^I|a,-a 2i1 ,|| Tm . 



T 2 ,i- 



||A/-Ai/lbi- 
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If / = R(X, A2 > i)(4>iu) for some u G C{S2), then it follows, for every X £ {z £ C \ 
|argz| < 9} with |A| > R\, that 

||x(l - x - y)d x (R(\,A2,i)(ipiu))d x ipx +y(l —x — y)d y (R(X,A2,i)(ipiu))d y ipx + 
+xy(d x (R(\,A 2 ,i)(4>iu)) - d y (R(\, A2,i){4>iu)))(d x il>i - 

< -^=IMk < -%\Hs 2 , (2-31) 

vl A l vl A l 



with C[ a positive constant independent of A and /. 

By the simmetry of the change of variables, one analogously shows that, there exists 
C2 > such that, for every A G {z £ C | |argz| < 9} with |A| > i?i and u G C(5 < 2), 
we have 

\\x(l -x- y)d x {R(X,A2,2)(^2u))d x ij2 + (1 - x - y)yd y {R(\,A 2 ,2)(ip2u))d y iJ2 
+xy(d x {R(\,A 2 ,2)(4>2u)) - d v (R(\,A 2 ,i)(ihu)))(d x if)2 - d y t/j2)\\s 2 

< -^L\\u\\s 2 . (2.32) 



Combining (|2.32p and (|2.3ip . we obtain that there exists K > such that, for every 
A G {z G C | |argz| < 9} with |A| > R\ and u G C(S , 2 ), 

K 

||C(A)u|| S2 < -=||u||s 2 . 
V l A l 



If |A| >> 1, then the operator B = (A — A2)S(X) is invertible in £(C(S , 2)). So, there 
exists R(X,A 2 ) = S(X)B~ 1 and 

\\R(\,A2)\\ = \\S(X)B- 1 \\<^, 

with C a positive constant independent of A, provided A — A2 is injective and, in 
particular, for A > as A2 is dissipative. To conclude that the semigroup is analytic 
of angle tt/2 it now suffices to repeat the argument already used in the proof of 
Proposition 12.61 

Since R(X,A2) = S^B^ 1 for some A > and the operator S(X) is compact by 
Proposition 12,61 the differential operator (A2, D(A2)) has compact resolvent. Thus, 
the semigroup is also compact, being analytic and hence, norm continuous. □ 

Recalling that the eigenvalues of the operator A2 are given by X m = _ m ( r ^~ 1 ) ; 
m > 1, |27| Ch.VIII, p. 221], and using Theorem 12.111 together with [22} Proposition 
5.6] we obtain the following result. 

Theorem 2.12. The semigroup generated by (A2, D{A2)) is bounded analytic of angle 
tt/2. 

Moreover, the differential operator (A2, D(A2)) satisfies 

Proposition 2.13. The closure (A2, D (A2)) of the differential operator (A2,C 2 (S2)) 
defined in \2. 21}) satisfies the following properties. 

(1) There exist Kf, > and tf, > such that, for every < t < % and u G C{S2), 
we have 

K h r- tmfjy .,. ^ K bu „ 



Wx(l-x)d x (T(t)u)\\ S2 < -%\\u\\ S2 , \Wy{l-y)d y (T{t)u 



S 2 < —F\\ U \\S 2 
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and such that, for every t > tf, and u G C{S2), we have 

\Wx{l-x)d x (T(t)u)\\s 2 < K b \\u\\ S2 , \Wy{l-y)d y (T{t)u)\\s 2 < K b \\u\\s 2 . 

(2) For each < 9 < ir there exists two constants C > and I > 1 such that, for 
every A G {z G C | |argz| < 9} with |A| > I and u G C{S2), we have 

C 



yx{l-x)d x {R{\,A 2 )u)\\ S2 < -^H| Sai 

V l A l 



c 



\^y(l-y)dy(R(X,A 2 )u)\\s 2 < ^=\\u\\s 2 



|A| 

Proof. We first prove property (2). According to the notation in the proof of Theorem 
12. 11| fixed an angle < 9 < tt there exists I > 1 such that, for every A G {z G C | 
|argz| < 9} with |A| > I, we have 

R(X,A 2 ) = S(X)B-\ 

where the operators S(X) are defined according to (I2.26P and ||-B -1 || < 2. So, we 
obtain, for every A G {z G C | |argz| < 9} with |A| > / and u G C(S 2 ), that 



\Wx{l-x)d x {R(X,A 2 )u)\\ S2 < WV^O- - x)d x (i; i R(X,A 2 , i )(^ i B- 1 u))\\ n . i 

i=l 

2 

< - x)d x ^ i )R(X,A 2 , i )(^B- 1 u)\\ Qi + 



i=i 



-\\y/x(l - x)V^(i?(A,^ 2 ,0(V^~M)lk 



(2.33) 



C 



< cJ2 [j^UiB^hi + II \J x( I - x)i/}id x (R(X, A 2 ,i) {i>iB~ x u)) || n { 



C 



< -^WB^lWHs, + || - x)d x (R(X,A 2 , t )(^B- l u))\\ Qi 



i=i 



where c := sup? =1 ||^i||i,fv To estimate the second addend on the right in (|2.33p we 
proceed as follows. 

For i = 1 set / = R(X, «4 2 ,i)0/>i£ -1 «) and v = $i(/). Then by (f2~29|) and ([OOP 



Wx(l-x)d x f\\ 



VV(l-s)[l-r(l-s)] 



< 



|A| 
Ci 



1 - s 



\Xv - A 2j1 v\\t 2 l 



Or 



T 2,l- 



\\Xf-A 2 ,if\\u 1 



|s 2 - 



(2.34) 
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Next, for % = 2 set / = R(\,A 2 ,2)(^2B' l u) and v = $ 2 (/). Then d x f = d r v + j^d s 
and hence, 



\\y/x(l-x)d x f\\ 



n 2 



< 



< 



y/r(l - r)d, 



d r v + 



1 — r 



-a. 



yjr(l — r) S d s v 
1 — r 



1A| 
C 2 



Xv - A 2i 2v\\t 2 i- 



C 2 



||A/-^ 2 , 2 /||n 2 



C 2 



1A| -~V\M 52 ' (2 ' 35) 

Combining (f2~3"3"j) . (f2~3"3j) and (f2~3"5j) we obtain, for every A £ {z 6 C |argz| < 9} 
with |A| > I and u G C(S 2 ), that 



||^(l-a:)5 x .(^(A,^ 2 )u)||5 2 < 



Mls 2 



for some constant C > independent of u and A. 
The proof of the other case is analogue. 
Property (1) follows as in the proof of Proposition I2.7f 1), 

3. The ^-dimensional case. 



□ 



The aim of this section is to show that the semigroup (T(t))t>o generated by the 
closure (Ad, D(Ad)) of the operator (Ad,C 2 (Sd)) on C(Sd) (see Theorem ll.ip is also 
analytic for d > 2. We prove this using an argument by induction as follows. 

3.1. Inductive Hypotheses and Consequences. We suppose that the following 
holds. 

Hypotheses 3.1 (Inductive Hypothesis). Suppose that the closure (Ad, D(Ad)) 
of (Ad,C 2 (Sd)) satisfies the following properties. 

(1) (Ad,D(Ad)) generates a bounded analytic Co-semigroup (T(t))t>o of angle ir/2 
on C(Sd)- The semigroup is compact. 

(2) For each < 6 < tt there exist C > and I > 1 such that, for every A G {z € 
C | |arg z\ < 6} with | A| > I, i = 1, . . . , d and u E C(Sd), we have 



\\y/x i (l-x i )d Xi (R(\,A d )u)\\ Sd < 



C 



\ u \\s d - 



In order to prove the inductive step, we need to provide some auxiliary results as 
follows. 

Fix < 5 < \. Then, we define the sets Td+i t is := Sd x [0, 1 — d], Ti_s,d+i '= 
[0, 1 — 5] x Sd, and consider the second order differential operators 

d 



2(l-x d+1 ) 



1 

Yl - x j) d x l x j u + ^x d+ i(l - x d+1 )dl d+i u, x G T d+1>1 _ s 

(3.1) 



d+1 



Ad+1,2 = ^i(l - xi)d Xl u + —— — r V Xi(Sij - xj)dl u, x e Tx_ Ssd+1 . (3.2) 
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Recalling that C{T d+1 ^ 5 ) = C(S d )® £ C([0, 1 - 5}) and C(Ti_ M+1 ) = C([0,1 - 
S])0 £ C(S d ) and the discussion prior to Proposition 12. 4[ we can prove via Hypotheses 
I3.1[ Proposition 12.11 and analogously to the proofs of Propositions 12.41 12.61 and 12.71 the 
following facts. 

Setting D(B) := {u G C([0, 1 - 5]) n C7 2 (]0, 1 - £]) | lim^ 0+ yu"(y) = 0, u'(l-<5) = 
0}, we have 

Proposition 3.2. Suppose that Hypotheses \3.1\ hold. Then the following properties 
are satisfied. 

(1) The closure (A d +i i, D(A d +i i)) 0/(^+1,1, D(A d )®D{B)) generates an analytic 
Co-semigroup of angle ir/2 on C(T d -\-i t i-s) which is contractive and compact. 

(2) The closure (^+1,2) ^(^d+1,2)) °/(^4d+i,2, D(B)®D{Ad)) generates an analytic 
Co-semigroup of angle ir/2 on C(Ti-s,d+i) which is contractive and compact. 

Proposition 3.3. Suppose that Hupotheses \3.1\ hold. Then the following properties 
are satisfied. 

(1) For each < 6 < ir there exist C\ > and l\ > 1 such that, for every 
A G {z G C I |argz| < 9} with |A| > l\ and u G C^d+i^s), we have 

\^Jx~f^x^)d Xi (R{\ A d+1} i)u)\\ Td+11 _ s <-y=\\u\\ Td+11 _ s , i = l,...,d, 



and 

C 

\\y/x d +id Xd+1 (R(\, A d+ltl )u)\\T d+hl _ s -j=\\u\\ Td ^ 



1) For each < 6 < it there exist C2 > and l 2 > 1 such that, for every A G {z G 
C I |argz| < 6} with |A| > I2 and u G C(T\^s,d+i), we have 

— C 2 
xid Xl (R(X, A d+ i t2 )u)\\ Tl _ sd+1 -j=\\u\\ Tl _ S d+1 , 



and 



C 2 



\\y/xi(l - Xi)d Xi (R(\, A d+li2 )u)\\ Tl _ s<d+1 < —==\\u\\ Tl _ Sd+1 , i = 2,...,d + l. 

v l A l 



3.2. Analyticity of a class of degenerate evolution equations on the canon- 
ical simplex of For the inductive step, we also need to perfom the following 
changes of coordinates. 

Fix < 6 < \. Then, we set 

ill := {x G S d+ i I < x d+ \ < 1 - 6} , 

n 2 := {x G S d+ i I < xx < 1 - 6} . (3.3) 

Then Sd+i = L)f =1 Qi. Next, we consider the maps ip± : Td+i : i~s — > ill and ip 2 '■ 
Q 2 defined by 

Pl(r) := (ri(l - r d+1 ),r 2 (l - r d+ i), . . . ,r d (l - r d+1 ),r d+1 ) 
¥2{r) := (ri,r 2 (l - n), . . . ,r d (l - n),r d+1 (l - n). (3.4) 
Lemma 3.4. The map (fi is bijective and a C°° -diffeomorphism for i = 1,2. 

Proof. The map ip\ is well defined. Indeed, for each r G T d+ i^_$, rj > for 

i = 1, . . . , d + 1 and Ya=i r i(! ~ r d+i) + r d+ i < 1 (as (1 - r d+ i)(X)f =1 -1) < 
in T d+ i t i-$) and hence, (pi(r) G Sd+i- Moreover, for each r G T d+ i^$, < r d+ \ < 



22 A. A. Albanese, E. M. Mangino 

1 — 5. So, the map <p\ is well defined. On the other hand, <pi is clearly continu- 
ous and infective. Next, let i £ Sli and set r = ( ^— — — , — — , . . . , ^— ^ — I . 

' 1 \l-x d+1 ' l-x d+1 ' ' l-x d+ i ' a+J-y 

Then x G T^+i i—s and (^ll 7 ") = x - Thus, ip\ is also surjective. In particular, 

^- 1 (x 1 ,...,x d+1 ) = ( T -^-, T -^-,... )T -^-,x d+ i) for x G Ox. Hence, ^ is 
clearly a C°°-diffeomorphism. 

The proof is analogous in the case of y>2 ■ □ 

So, we immediately obtain 

Lemma 3.5. Let $ i: C(fii) -> C(r* f i i i_«) and $ 2 : C(0 2 ) -> C(T x _ M+ i) 6e i/ie 
operators defined by 

$>i(u) =uo tpi, u G C(f2i), i = 1,2. 

Then <£j zs a surjective isometry for i = 1,2. In particular, &i{C m {T d+ ii_$)) = 
C(T d+ljl _ 5 ) and $ 2 (C m (Ti_ 5i(i+ i)) = C m (T!_ M+1 ) /or e^ery m G N. 

For each i G {1, 2} we define 

Am,* == ° A d+lii o £>(.4 d +i,i) = $7* (£(,4^)), (3.5) 

with (-Ad+i i, D (-Arf+i i)) the second order differential operators defined in (13. lf> and 
(|3.2p . Then, by Proposition 13.21 and Lemma 13.51 the operator (Ad+i,i, D(Ad+i,i)) 
generates an analytic semigroup of angle ir/2 on C(Oj) for every i G {1,2}. We 
observe that, for i = 1 and v = &\(u) for some u G 3> 1 ~ 1 (.D(.Ad+i,i)), we have 

d n v = (1 - r-rf+^a^n, 8$.v = (1 - r d+1 ) 2 d 2 x M, i = l,...,d 
9nn v = (! - ^H-l) 2 ^,-^ i,i = 1,... ,d 



1=1 

d d 



a ' d+ i u = Yl '<o<.<-,'' - 2 ndl iXd+1 u + d 2 Xd+ u. 

i,j=l i=l 



So, we obtain 



1 d 

2(1 _ rd+i) S " r ^( 1 " r ^+i) 2 ^^ n + 



^ / d d 

\i,j=l i=l 

1 - 

2 X] ^ ~ r d+l)i 6 ij ~ r j( 1 ~ r d+l)]dl lXj U + 

d 1 

- r d+l )r d+l dl iXd+i u + -r d+l (l - r d+l )d 2 Xd+i u, r G T d+1>1 _ s , 
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and hence, 



j d d 

A 2 ,iu(x) = Xi(Sij - Xj)dl. x .u{x) - XiX d+1 d 2 XiXd+1 u{x) + 



i,j=l i=l 

+\x d+l {\ - x d+l )d 2 Xd+i u{x) 



= \ Xi( - 6i i ~ x j) d x 1 x j u(x), x G fix, 

i.e., Amhi = 

On the other hand, for i = 2 and t> = <E>2(«) for some u £ ^2 l (D{A d +i^)), we have 

d+i 

d ri v = d Xl u - ^ rid Xi u, 

i=2 

d+1 d+1 

d 2 ri v = d 2 Xl u - 2j2ndl ix .u + ^ rii-ji) 2 r u. 

i=2 i,j=2 

d n v = (1 - n)d Xi u, d 2 .v = (1 - nfd^.u, i = 2, ...,d+l, 
dl lTj v = {l-nfdl. x .u, i,j = 2,... ,d+ 1, 

So, we obtain 

^+i, 2 (^2(u))(r) = Am,2fM 



= ^l(l - n){d 2 xl U - 2^2rid 2 XlXi U + '-'iCr; 1 ') + 

i=2 jj=2 

1 »,j=2 
1 d+1 

= -n(l - rij^u - 5^rir<(l - r x )d 2 x ^ x .u + 

i=2 



and hence, 



A d +i,2u(x) = \xi{\ - x{)d 2 xi u(x) - ^ xiXid 2 XlXi u{x) + 
1 i=2 
1 d+1 

1 d+1 



2 

i.e., A d +i\n 2 = Ad+i,2- 

We now may prove the main theorem of this section. 
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Theorem 3.6. Suppose that Hypotheses \3. 1\ hold. Then the closure (Ad+i, D{Ad+i)) 
of (A.d+i, C 2 (Sd+i)) generates an analytic Co-semigroup (T(t))t>o of angle n/2 on 
C(S d +i)- The semigroup is compact. 

Proof. Fix < 5 < i. Let {V>i}i=i,2 Q C~(R d+1 ) such that £- =1 (V0 2 = 1 on S d+1 
and 

supp(V>i) R d+1 | x d+1 < 1 - 5} 

supp(^ 2 ) Q{xe M. d+1 | xi < 1-5}. 

For the sake of simplicity, we still denote by tpi the restriction of ipi to fij, for i = 1, 2. 

By Proposition 13, 21 the operators Ad+n defined according to (|3,5p generate analytic 
semigroups of angle ir/2. So, if < 9 < 7r is a fixed angle, we can find two positive 
constant C and R such that, for |A| > R with |argA| < 6, the resolvents i?(A,^.2,i) 
exist and satisfies 

||i2(A,^ 2) i)||< r=j, *' = 1,2. (3.6) 

Then, for every A 6 {z 6 C larg-z) < #} with |A| > R, we can define the operator 
5(A) : C(S d+1 ) -> C(S d+1 ) via 

2 

S(A)u = ^^i?(A,Af+i,i)OM, «eC(S w ), (3.7) 

and hence, 

\\s{\)\\<^- 

We observe that the previous considerations on the differential operators Ad+x % ensure, 
for every i = 1, 2 and u 6 C((Sd+i), that 

Ai+lCV'i-RCA, A2+l,i)(^i u )) = ^+i,i(^-R(A,^d+i,i)(^n)), (3.8) 
and, for every f,g £ D(A d +i,i), that 

= 9(-Ad+i,if) + /(Ai+i,t0) + X] Xi ^v ~ x r) d xJd Xj g. (3.9) 



ANALYTICITY OF A CLASS OF DEGENERATE EVOLUTION EQUATIONS 25 

By (|3.8p and f)3.9f> we obtain, for every A £ {z £ C \ |arg2f| < 9} with |A| > R and 
u G C(5d+i), that 



(X-A d+1 )S(X)u = XS(X)(u)-J2^d+i^i R (^^d+hi)(^ u )) 

i=l 
2 

= XS(X)(u) - J2^d+i,i^i(R(\A d +i,i)(Au)) 
i=i 

2 

= ^(A - Ad+i,i)R(X, Ad+i,i)(ipju) * 

i=l 
2 

- ^Ad+i,i(fa)R(X,Ad+x,i)( 1 l ) i u ) + 



i=l 
2 (2+1 



- ^2 x j( s jh - Xh)d Xj (R(X,Ad+i,i)('<piu))d Xh ^i 

i=l j,h=l 

-. (I + B(X) + C(X))(u). 



Applying (|3,6p we obtain, for every A £ {z £ C |argz| < 8} with |A| > R and 
it G C(Sd+i), that 

M 



for some M > 0. In order to estimate C(A) we proceed as follows. 
We first observe, for every f,g G -D(„4d + i), that 

d+l d+1 

^ £i(<% - Xj)d Xi fd x .g = ^ ^(1 - Xi)d x Jd Xr g + 

i,j=l i=l 
d+1 d+1 

~y~] ^ [xiXjd x Jd Xj g- XiXjd x Jd Xi g + XiXjd Xi fd Xi g 

1=1 j=l,jj^i 

d+1 d+1 d+1 

= ^2 ~ x i) d xJd Xl g - ^2 ^2 :r i :r J ' ) r,f(> ) .vJJ - d Xi g) + 

i=l i=l j=l,j& 

d+1 d+1 

-^2x l d x Jd Xi g ^2 

Xj 

i=l j=l,j^i 

d+1 / d+1 \ d+1 (2+1 

= ^ Xi I 1 - ^ J d x .fd Xi g ~^2 ^2 x i x j d xif( d xj9 ~ 9 Xi g). 

i=l \ j=l J i=l j=l,j^i 

Next, let / G £^(^+1 1) an d w = ^i(/)- Then u G -D(-A<i+i,i) and the following holds 

d 

= (1 - r^fi)^/, i = l,...,d, 0p <M . 1 u = -2^r < a .i/ + § e<H . 1 /, (3.10) 

i=l 
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1 d ■ 

d x J = - — - — d n v, i = l,...,d, d Xd+ J = d rd+1 v + -r^i — d ^ v ' 
J. - r d+l t=l d+l 

So, by Proposition 13.31 we obtain, for every A G {z € C | |argz| < 9} with |A| > 
Ri : = max{i?, li, I2}, that 

d+l 

>l - Xj)d Xi fd Xj ip^ 



d+l 



d+l 



i+1 d+l 



i=l 
d+l 



0=1 



d 

E 



d+l 



X j 



rj(l - r d+1/ 



i=l j=l,j^i 
d+l d+l 



'd+l 



fil 



i=l j=l,j=£i 



f I i-Yn) — - — d r . 

r d +i{l ~ U+i) y~J2 (^ d rd+i v + Yl 1 _ 

d d j 

i=l 7=U*i d+1 



+ 



d+l, 1-5 



+ 



f d+l, 1-5 



n{i-r d+1 )) 



1 - 



+E 

»=i 

d 

+E 

i=l 

Ci 

< ^=11^-^+1,1^11^+!,! 



-<9 r 



+ 



'd+l, 1-5 



rd+in{l - r d+ i) d rd+1 v + Yj 
\ i=l 

Ci 



-d r .v 



rd+i 



Td+1,1-5 

||A/-^+ii/||n a 



< -^\\Xf - A d+1 f\\s d+1 . 



If / = R(\, Ad+i,i)(ipiu) for some u E C(S d+ i), it follows, for every X £ {z £ C 
|argz| < 9} with |A| > R\, that 



d+l 



< 



Ci 



'Ik+i- (3.12) 



'd+l 



By the simmetry of change of variables, we obtain in analogous way that there exists 
Ci > such that, for every A S {z € C | |argz| < 9} with |A| > i?i and u G C^S^+i), 
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we have 



d+1 

^2 X 3^jh ~ Xh)d Xj (R{X,Ad+l,2)(tp2U))d Xh 1pi 
3,h=l 



W\ 



< -fkrlWlsw (3-13) 



Combining f|3. 12[) and (|3.13p . we obtain that there exists K > such that, for every 
A G {z G C | |argz| < 9} with |A| > Ri and u G C(S d+1 ), 

K 

\\C{X)u\\ Sd+1 < -j=\\u\\ Sd+1 . 



If |A| >> 1, then the operator B = (A — Ad+i)S(X) is invertible in C(C(Sd+i))- Hence, 
there exists R(X, Ad+i) = S(X)B~ 1 and 

II^Ai+OHII^A)^- 1 !!^^, (3.14) 

with C a positive constant independent of A, provided A — Ad+i is injective and, 
in particular, for A > as A d +i is dissipative. To conclude that the semigroup is 
analytic of angle tt/2 it now suffices to repeat the argument already used in the proof 
of Proposition 12,61 

Since R(X,Ad+i) = S(X)B~ 1 for some A > and the operator S(X) is compact 
by Proposition 13.21 the differential operator (A d +i, D(Ad+i)) has compact resolvent. 
Thus, the semigroup is also compact, being analytic and hence, norm continuous. □ 

Recalling that the eigenvalues of the operator Ad+i are given by X m = _ m (™~ 1 ) ; 
m > 1, |27[ Ch.VIII, p. 221], and using Theorem 13.61 together with [22, Proposition 
5.6] we obtain the following result. 

Theorem 3.7. The semigroup generated by (Ad+i, D(Ad+i)) is bounded analytic of 
angle tt/2. 

Moreover, the differential operator (Ad+i, D(A d +i)) satisfies 

Proposition 3.8. Suppose that Hypotheses \3. 1\ hold. 

Then the closure (Ad+i, D(Ad+i)) of the differential operator (Ad+i, C 2 (S d +i)) 
defined in satisfies the following properties. 

(1) There exist Kb > and tf, > such that, for every < t < tf,, i = 1, . . . ,d+ 1 
and u G C(Sd+i), we have 

Kb 



\\\/xi(l - Xi)d Xi (T(t)u)\\ Sd+1 < ^=|M| 5d+i: 



and such that, for every t > tb, i = 1, . . . , d + 1 and u G C{Sd+i), we have 

\\y/xi(l - Xi)d Xi (T(t)u)\\ Sd+1 < K b \\u\\ Sd+1 . 

(2) For each < 9 < ir there exists two constants C > and I > 1 such that, for 
every X G {z G C | |argz| < 9} with |A| > I, i = 1, . . . , d + 1 and u G C{Sd+i), we 
have 

(j 

\Wxi{l - Xi)d Xi (R(X,A d +i)u)\\s d+1 < —=\\u\\ Sd+1 , 
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Proof. We first prove property (2). According to the notation in the proof of Theorem 
3.6[ fixed an angle < 9 < ir there exists I > 1 such that, for every A G {z G C | 
|argz| < 9} with |A| > I, we have 



R(X,A d+1 ) = S(X)B 



-i 



where the operators S(X) are defined in and ||-B _1 || < 2. Fix i G {1, . . . , d + 1}. 
So, we obtain, for every A G {z G C | |argz| < 9} with |A| > I and u G C(5<f+l)> that 



11^(1 - Xi)^(i?(A,^ +1 ) U )|| Sd+1 < 

2 

< || y/^T^jd Xi (il> i R(\,A d+1 , j )(1> j B- 1 u))\\n j 



3=1 
2 



3=1 



+ 11^(1 - Xi)ipjd Xi (R(X, Ad+ij )(ipjB~ 1 u))\\n :j j (3.15) 
^ C E (j^ll^^^lb, + ||V^(l - x^d^R^Ad+x^jB^u))^ 

< cJ2 (^j^ll^lllMk+i + || - or i )^(i?(A !> 4 d+ i J )(^ J B- 1 «))||n^ 



with c := sup| =1 HV'j'lll.fii' To estimate the second addend on the right in (|3.15p we 
proceed as follows. 

For j = 1 set / = R(X, A d+1 ^ 1 )(i'iB- 1 u) and u = $i(/). Then, by (IHTUj) and 
(|3.1ip we have, for i = 1, . . . , d, that 



\\^Xi(l - Xi)d x J\\ ni 



y/n{\ - r d+1 )[l - n(l - r d+1 )} 



< 



\\Xv - A d+ x,iv\\ Td+11 _ 



1 - r d+ i 
Ci 



Td+i,i-& 



\B- X u\\^ < 



|A| 

^'IIIMI^ 



||A/-A* + i,i/lk 



(3.16) 
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and we have, for i = d + 1, that 

\\y/x d+1 (l - x d+1 )d Xd+1 f\\ ni 



(3.17) 



\Jr d+ x(l - r d +x) 
< ||V r d+i(l -r d+1 )d rd+1 

d 



t, 



d+1,1 — 5 



1=1 



yjr d +i(l - r d+1 ) 



Td+1,1.8 

n 



+ 



< 



|A| 



\Xv - A d+ i^v\\T d+1A _ 



r d +i 
C[ 



-d r .v 



||A/-^+.i,i/[|n a 



\B 



-li 



|A| 

u \\s d+1 , 



(3.18) 



1A| ~ 

By the simmetry of the change of variables, one analogously shows that there exists 
C2 > such that, for every A S {z E C | |argz| < 9} with |A| > I, i = 1, . . . , d+ 1 and 
u G C(Sd + i), we have 

C 2 



11^(1 - Xi)d Xi {R(X, A d+1 , 2 ) ^2B- X u)) || n 2 < 



5" 



(3.19) 



Combining ([3.15p . (|3. 16[) . (|3. 1 7[) and f|3. 19[) we obtain, for every A G {z 6 C | |argz| < 
6} with |A| > I, i = 1, . . . , d + 1 and n G C(S , ( i+i), that 

Q 

\\y/xi(l - Xi)d x .(R(\, Ad+i)u)\\s d+1 < -^==\\u\\ Sd+1 



□ 



for some constant C > independent of u and A. 

Property (1) follows as in the proof of Proposition 12.7( 1) 



3.3. The main results. Finally, we can state and prove the main results of this 
paper. 

Theorem 3.9. The closure (A d , D(A d )) of the operator (A d ,C 2 (S d )) generates a 
bounded analytic Co-semigroup of angle ir/2 on C(S d ) for every d > 1. The semigroup 
is compact. 

Proof. The proof is by induction on the integer d > 1. The case d = 1 is given in 
[U[22]. Suppose that the result holds for d>2. Then we can apply Theorem 13.61 and 
conclude that the result holds for d + 1. Thus, the proof is complete. □ 

Therefore, a similar argument as in the proof of Proposition 12.61 together with 
Theorem 13.91 allow us to show that the following holds. 

Theorem 3.10. Let d > 1 and m be a strictly positive function in C(S d ). Then the 
operator (mA d , D{A d )) generates an analytic Co-semigroup of angle tt/2 on C(S d ). 
The semigroup is contractive and compact. 

Proof. By Theorem 1 1 . 1 1 and [11, Theorem] we can conclude that (mA d , D(A d )) gener- 
ates a contractive Co-semigroup on C(S d ). We claim that the semigroup is analytic of 
angle tt/2. To show this we can proceed as in the proof of Proposition 12.61 and hence, 
we indicate only the main changes. 
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For each n G N let P n := [i=±, i±l], j = 1, . . . ,n - 1, and let L = {1, . . . ,n - l} d . 
Then, for every j = (Ji, j 2 , . . . ,j d ) G L, we define the set 

Set M n = {j G L | Jn ^ 0} and fix Vn G Jn Ior a h J £ -^n- Then, we choose 
(jj n G C°°(R d ) for all j £ M n such that supp (^) C J J n and £ jeMn (<zVn) 2 = 1- We 
observe that, if G C(Q), for j G M n , and x G S^, then there exists j G M n such 
that x G Jn and hence, 

^ <jt n (x)vj{x) = ^ <p n (x)vj(x), 

where M nj0 = {j = (Ji + h x J 2 + h 2 , ■ ■ ■ J d + M | Vi G {1, . . . , d} h G {-1,0, 1}} so 
that M nj o contains exactly 3 d elements. Therefore, we have 



felk ^ 3d su p llfclk- 



jeM n 



(3.20) 



Since (^l^, D(^4^)) generates a bounded analytic semigroup of angle n/2 on C(S d ), for 
each A G C \ (— oo, 0), n G N and j G M n , we can define 

R jn (X) = (\-m{yi)A d y\ 

and hence, for a fixed angle < 9 < it, there exists K > such that, for every 
A G {z G C | |argz| < 9}, n G N and j G M n , we have 



\R jn (X)\\ = [m[Vi)] 1 



A 



m(Vi) 



Ad 



K 

-w 



(3.21) 



Moreover, if we set \x = A 



77? 



V5? 



then we have 



and hence, 



A d R jn (X) = [m (V£)] 1 (-/ + XR jn (X)) 

l + K 



WAdRjnMW < [m{vi)] (1 + K)< 



m 



(3.22) 



with mo = min xe 5 d m(x) > 0. We now consider the approximate resolvents of the 
operator mAd defined by 

S„{X)U = £ & ■ RjnWtfnU), U G C{S d ). 

Combining (|3.2ip with (|3.20p . we obtain, for every A G {z G C | |argz| < 9} and 
n£N, that 

\\S n (X)\\ <^£. (3.23) 



|A| 



Since we have, for every <fi, r/ G D{A d ) that 



A d ((p7]) = r]A d ((p) + <f>A2(rj) + ^2 x i{$ij ~ Xj)d Xi (j)d Xj rj, 
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the operators S n (X) satisfy, for every u S C(Sd), 

(A - mA d )S n (\)u = u+ <ti{m (Vj) - m) A d (R jn (X)(^ n u)) + 

d 

- ^ mAdiftn) ■ RjnWiftnU) - X] ^ x ^h - x h )d Xl {R jn {X){(l>> n u))d Xh (jyl 

j&M n jeM n i,h=l 

=: (I + d(X) + C 2 (X) + C 3 (X))u. 

We fix re G N such that sup J j_|m(x) - m(V£)\ < e =: 2 ^jT+m for 3 G M n- Then, 
from (|3,20p . (|3,2ip and (|3.22p and Proposition I3.8l f 2) . and argumenting as in proof 
of Proposition 12,61 we obtain, for every A € {z G C | |argz| < 8\} with |A| > / and 
u £ C(S d ), that 

\\Ci(X)u\\ Sd < ^\H\s d , 



|C 2 (A)re|| 5d < prvlMISd, 



w 

K" 



||C 3 (A)u|| Sd < —\\u\\ Sd , 

for some positive constants K' , K" independent of A and u. Now, if |A| is large enough, 
then we get ||Ci(A) + C2(A)+C3(A)|| < 1 and hence, the operator B = (X — mA2)Sn(X) 
is invertible in C(C(Sd))- So, there exists R(X,mAd) = Sn{X)B^ 1 in C(C(S d )) and, 
by (^23]) \\R(X,mA d )\\ = HS^A)^ 1 1| < |£ for some M' > independent of A, 
provided A — mAd is injective and, in particular, for A > as mAd is dissipative. To 
conclude the proof it now suffices to repeat the argument already used in the proof of 
Proposition 12.61 □ 
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